Most rigid, torque-free, low-Reynolds-number, axisymmetric particles undergo a timeperiodic tumbling motion in a simple shear flow, with their axes of symmetry following a set of closed Jeffery orbits. We have identified a class of rigid, ringlike particles whose axes of symmetry instead reach a permanent alignment near the velocity gradient direction with the plane of the particle aligning near the flow-vorticity plane. An asymptotic analysis for small particle aspect ratio (ratio of length parallel to the axis of symmetry to diameter perpendicular to the axis) shows that an appropriate asymmetry of the ring cross-section with a thinner outer edge and thicker inner edge leads to a tendency to rotate in a direction opposite to the vorticity; this tendency can balance the usual rotation rate associated with the finite thickness of the particle. Boundary integral computations for finite particle aspect ratios are used to determine the conditions of aspect ratio and degree of asymmetry that lead to the aligning behaviour and the final orientation of the axis of symmetry of the aligned particles. The aligning particle follows an equation of motion similar to the Leslie-Erickson equation for the director of a small-molecule nematic liquid crystal. However, whereas the alignment of the director arises from intermolecular interactions, the ring-like particle aligns solely due to its intrinsic rotational motion in a low-Reynolds-number flow.
Introduction
It is well known that most rigid particles rotate continuously in simple shear flow of a Newtonian fluid in the absence of inertial effects. A natural question to ask is whether there are any exceptional particle shapes which can allow the particle to stop rotating and reach a permanent alignment. This question was first raised in Bretherton's classical paper (Bretherton 1962a ) on the rotation of axisymmetric particles. Bretherton argued that a dumbbell consisting of asymmetrical beads could stop rotating but he concluded that the aspect ratio of the connecting rod required to achieve this behaviour was unrealistically large so that a rigid particle of this shape could not be created in practice. Inspired by Bretherton's work, we show that moderate-aspect-ratio ring-shaped particles with a local cross-sectional shape that is thinner on the outer edge than on the inner edge can align in a simple shear flow. The V. Singh, D. L. Koch and A. D . Stroock asymmetry of the shape leads to a force per unit circumference that opposes the usual rotation of a finite-aspect-ratio particle with the fluid vorticity.
Understanding the motion of a single particle in flow is a fundamental problem of fluid mechanics with implications in a wide variety of fields like engineering, geophysics, and physiology (Bhattacharyya 1966; Gay 1967; Leal 1980; Chien 1987; Goldsmith 1993; Edwards et al. 1997) . Stokes (1851) was the first to analyse the translational motion of a rigid sphere in an unbounded quiescent fluid at low Reynolds number. Einstein (1906) later studied the behaviour of a single spherical particle in simple shear flow to estimate the effective viscosity of a dilute suspension of spherical particles. The behaviour of particles with non-spherical shapes in simple shear flow at low Reynolds number was first studied by Jeffery (1922) . Jeffery showed that in the absence of inertial effects, a spheroidal (ellipsoid with two equal semi-diameters) particle centre translates with the velocity of the fluid and the axis of symmetry rotates in a periodic motion with a period that depends on the aspect ratio (κ) of the particle where κ is defined as the ratio of length (L) parallel to the axis of symmetry to diameter (d) perpendicular to the axis. In this Jeffery rotational motion, the time period of particle rotation increases as the aspect ratio becomes large or small and the particle spends more time aligned with its longer axis in the flow direction. However, to date, it has been thought that there is no shape for which a rigid particle completely stops rotating in simple shear flow at finite aspect ratio.
While no previous studies have revealed a rigid particle that stops rotating in unbounded simple shear flow of a low-Reynolds-number Newtonian fluid, there are a number of other conditions in which particles can align in simple shear flow. Deformable particles like vesicles with fluid or solid inclusions (Kantsler & Steinberg 2005; Deschamps, Kantsler & Steinberg 2009; K Veerapaneni et al. 2011) , droplets (Torza, Cox & Mason 1972) , and the swimming micro-organism chlamydomonas (Rafai, Jibuti & Peyla 2010) can align in simple shear flow. Particles can also align in simple shear flow due to inertial effects as shown by Subramanian & Koch (2005) . A fibre has also been observed to align in a viscoelastic fluid (Iso, Koch & Cohen 1996) . Interactions with the wall can also stop a particle from tumbling at separations smaller than a critical value as revealed for oblate spheroidal particles by the simulations of Mody & King (2005) .
Rigid particles in low-Reynolds-number flows can also align in linear flows other than simple shear flow. In particular, a two-dimensional linear flow in which the magnitude of the extension rate exceeds the magnitude of the rotation rate by a sufficient (aspect ratio dependent) factor will cause a particle to stop rotating (Ghosh & Ramberg 1976) . In a pure extensional flow, a particle aligns with its long axis along the axis of extension. For the case of simple shear flow where the magnitudes of the extensional and rotational flows are equal no such alignment has been achieved. Linear flows are of particular interest because suspended particles are often much smaller than the scale of the fluid flow. Under these circumstances, one can Taylor expand the fluid velocity near the particle. The leading-order uniform flow causes only a translational motion of a neutrally buoyant particle, while the linear flow is the first component to cause particle rotation. Simple shear flow is the linear flow of greatest interest because it represents the local linear flow for a unidirectional fluid flow. In a steady unidirectional fluid flow, the velocity gradient is independent of time along the particle trajectory so that the particle can experience the shear long enough to reach its final oscillatory or aligning behaviour. While one can observe a steady two-dimensional fluid flow (for instance, extensional flow) in the particle frame by controlling its position to remain at the stagnation point of a four-roll mill flow, the local linear flow Aligning rigid particles 123 in the particle reference frame will generally be unsteady in other non-unidirectional fluid flows.
The original work of Jeffery described the motion of spheroidal particles in terms of the aspect ratio of the particle. Bretherton (1962a) later showed that all axisymmetric particles follow Jeffery's equation of motion for spheroidal particles in simple shear flow as long as a tumbling parameter (λ) or an effective aspect ratio (κ e ) is used in the equation for the rotation rate. At low Reynolds number, Bretherton (Jeffery 1922; Bretherton 1962a) showed that the rotational motion of an axisymmetric particle in linear flow is given by:ṗ = p · Ω + λ(p · E − ppp : E), (1.1) where p is the orientation of the axis of symmetry of the particle,ṗ is the rate of change of the orientation, and λ is a constant which depends on the shape of the particle. Motion of the normal director vector of a liquid crystal in a linear flow can also be described using (1.1) when the deviation from equilibrium is small as is most often the case for small-molecule liquid crystals (Larson 1991; Chen & Koch 1997) . In such systems, molecular interactions lead to the alignment and either λ > 1 (flow aligning liquid crystals) or λ < 1 (tumbling liquid crystals) can be achieved depending on the intermolecular potentials. For the case of liquid crystals, λ is called the tumbling parameter and p is the orientation of the normal director vector. In this work also we will refer to λ as the tumbling parameter where p will be the orientation of the particle axis of symmetry. For a spheroid, λ = (κ 2 − 1)/(κ 2 + 1) where κ is the actual aspect ratio of the particle. For the other shapes that are known to date |λ| 1 and one can replace κ by an effective aspect ratio, κ e , which will in general be different from the actual particle aspect ratio (Bretherton 1962a) . In (1.1), Ω is the vorticity tensor and E is the strain tensor, given by: For simple shear flow, the time period of rotation, T, of a particle with −1 λ 1 is given by: 4) where γ is the shear rate. For −1 < λ < 1, the period of rotation of the particle is finite, and κ lies between 0 and ∞. In the asymptotic limit, the particle aligns with its longer axis in the flow direction for λ = 1 or λ = −1, which corresponds to an aspect ratio of κ = ∞ (infinitesimally thin rod) or κ = 0 (infinitesimally thin disk) respectively for a spheroid. Both these shapes, a line and a plane, are obviously only mathematical possibilities. It should be noted that in the microhydrodynamics literature where particles encountered generally have |λ| < 1, κ e is generally used to describe the behaviour of a particle but for a value of |λ| 1, κ e corresponds to an imaginary value. Since in this work we encounter particle shapes for which |λ| > 1, we use the tumbling parameter to describe the behaviour of the particles studied here. The forces which act to rotate a typical particle such as a spheroid in simple shear flow are shown in figure 1(a) . The net torque due to the combination of these forces rotates the particle in the vorticity direction. Although the forces in the y-direction retard the rotation of the particle they always lead to a smaller torque than the forces in the x-direction for spheroidal particles. Cox (1971) and Singh et al. (2013) Singh, D. L. Koch and A. D. Stroock Bretherton's proposal for a particle shape that could align in simple shear flow. The axis of symmetry of the particle aligns near the flow direction. (c) Schematic of a lateral force acting on a perturbed circle. (d) Schematic of forces acting on a ring. Forces due to asymmetry in the shape generate a torque in the direction opposite to the vorticity. performed asymptotic analyses to calculate the rotation rates for a variety of shapes at high and low aspect ratio, respectively, in simple shear flow and found that for the classes of shapes studied, the rotational motion does not cease until the aspect ratio is ∞ or 0. Bretherton (1962a) in his classic paper describing the motion of axisymmetric particles, presented one possible particle shape with λ 1, such that it would stop rotating in simple shear flow. Bretherton's shape (figure 1b) included two almost spherical particles connected by a thin rod of length, L and diameter, d. The shape of the almost spherical particles is given by:
(1.5)
Here h is the distance of the surface from the centre of the deformed sphere, g is the radius of the undeformed sphere, β is the angle between the radial vector on the surface and the rod connecting the two deformed spheres, P 3 is the third Legendre polynomial, and α is a small parameter. On this assembly of particles, there are three types of torque acting: (i) a torque acting in the vorticity direction on the particle when the almost spherical particles at the end are not allowed to rotate due to the connecting rod; (ii) another torque in the vorticity direction on the thin connecting rod; and (iii) a torque in a direction opposite to vorticity which originates from lateral forces (figure 1b) acting on particles due to their lack of spherical symmetry. Here, the first two are the typical torques that act on particles in simple shear flow. The opposing torque acting on the fore-aft asymmetric particles is less familiar, although a number of authors (Brenner 1964; Nir & Acrivos 1973) have noted the existence of lateral forces on non-fore-aft symmetric particles in other contexts. Solving Stokes equation around the almost spherical particles, Bretherton calculated that in the limit when the torque acting on the rod connecting the particles is infinitesimal (i.e. neglecting torque (ii)), a distance, L = 28g/3α between the two almost spherical particles will stop the entire assembly of the particles from rotating. Bretherton estimated that the torque on the thin rod can be neglected if 1/ ln(L/d) α. For a value of α = 0.1, this would mean that the aspect ratio (κ = L/d) of the rod should be much greater than e 10 . Since the resistance of an elastic beam to bending decreases rapidly with increasing aspect ratio, from a practical standpoint a rigid particle with such an aspect ratio would not be possible. Forgacs & Mason (1959) suggested that in order for a fibre to avoid bending due to viscous stresses in shear flow, its elastic modulus should be larger than 2µγ κ 4 /(ln(2κ) − 1.75), and this, for a fluid of viscosity, µ = 1 cP, shear rate, γ = 1 s GPa which is ∼50 times larger than the elastic modulus of diamond. Bretherton referred to these shapes as extreme and concluded by saying that 'in the private guess of the author the thickness of the thin rod must be too small to be consistent with rigidity'. Since Bretherton's work, we know of no report of a particle shape that aligns in simple shear flow, although the problem has been mentioned in some classical texts (Kim & Karilla 1991; Larson 1999) . The particular challenge in determining the shape of the particle for which |λ| 1 is that there is no explicit relation between the shape of a particle and λ, even though λ depends only on the particle shape and is independent of the flow. For a general particle shape, an appropriate Stokes flow problem needs to be solved to relate the angular velocity of the particle with the strain rate (1.1) to determine the unknown parameter λ (Batchelor 1970; Cox 1971) . We note one attempt by Willis (1977) to develop a model in which the rotational motion of the particle can be described explicitly based on the shape of the body without solving the full fluid mechanics problem. Willis' model is based on the ad hoc assumption that the torque on a particle is proportional to the integral over the particle volume of the cross-product of the position relative to the particle centre and the relative velocity between the particle and the undisturbed fluid velocity. In Willis' model, the three principal moments of inertia (without the density factors) of the body could be used to calculate the value of λ. Despite the non-rigorous assumptions in Willis' model, it was very successful in describing the rotation rate of a variety of shapes. This model predicted that there cannot be any axisymmetric particle shape for which |λ| 1, so the model would be qualitatively inaccurate for particles that can align in simple shear flow.
In this work, we present finite-aspect-ratio ring-shaped rigid particles (figure 1d) which can stop tumbling in simple shear flow at low Reynolds number. The nontumbling ring shapes can be obtained by revolving a two-dimensional shape lacking fore-aft symmetry (figure 1c) about an axis as shown in figure 1(d) . The asymmetric shape of the cross-section is a circular shape perturbed with a third Fourier mode analogous to Bretherton's nearly spherical shape. Unlike Bretherton's non-tumbling particle shape where the torque acting on the connecting rod in the vorticity direction 126 V. Singh, D. L. Koch and A. D. Stroock was large enough to rotate the particle, the ring shapes introduced here do not require a connecting rod and hence there is no additional torque in the vorticity direction due to it. Instead the ring shape provides the necessary connectivity and the asymmetric shape creates a lateral force per unit circumference at all angular positions opposing rotation with vorticity. In the next section, we discuss the motion that a particle with |λ| 1 follows before aligning as well as determining the final orientation as a function of λ. In § 3, we present an asymptotic analysis for the rotation of a thin ring-shaped particle with an asymmetric cross-section. We show how certain types of asymmetry in cross-sectional shape can give rise to rotational motion in a direction opposite to the direction of vorticity. We discuss some of the basic characteristics of the shape that can lead to the non-tumbling behaviour of the particle. We show that lack of fore-aft symmetry in the local cross-section of the ring is a necessary but not sufficient condition for the alignment of the ring-shaped particles. In § 4, we describe the boundary element method and the details of the method pertinent to the present problem. We then present boundary element simulation predictions at finite aspect ratio. We determine the largest aspect ratio at which the asymmetric ring can remain aligned for different degrees of asymmetry. We also estimate the angle with respect to the flow at which the particle will align as a function of its shape. Finally, we discuss some of the implications of alignment for the properties of suspensions of these particles.
2. Motion of a particle with |λ| 1 Bretherton (1962a) described the motion that a particle with |λ| 1 would undergo before it stops rotating; we reproduce his results in this section using a slightly different notation that is closer to that of Jeffery. Unlike Jeffery's rotating particles (|λ| 1), which rotate in a periodic motion in one of an infinite set of orbits, particles with |λ| 1 align in one of two stable equilibrium directions (figure 2). The equations for the rotational motion can be obtained by solving (1.1) and are given by:
, φ 0 and θ 0 are the orientation angles of the particle at t = 0, C 1 = (tan φ 0 − p )/(tan φ 0 + p ) is a constant that depends on the initial orientation (φ 0 ), and C is the orbit constant of the particle trajectory which is also determined by the initial orientation of the particle (φ 0 , θ 0 ). Here we have followed Jeffery's convention and adopted a spherical coordinate system with θ as the angle of the particle orientation relative to the vorticity (z-axis) direction and φ as the angle of the projection of the particle orientation into the flow-gradient plane relative to the gradient (y-axis) direction. The orbit constant, C, is analogous to the orbit constant used to describe Jeffery's rotational motion. The other constant of integration, C 1 , depends only on the projection of the initial orientation into the flow-gradient plane.
As γ t → ∞, irrespective of the initial orientation (except for the four unstable equilibrium points), the orientation of the particle approaches one of the two stable For λ = 1, p = ∞ and for λ = −1, p = 0 so that in both these cases the long axis of the particle is aligned in the flow direction. As the magnitude of λ increases, the inclination of the long axis of the particle to the flow-vorticity plane approaches a limiting value of π/4 which is the principal direction of the extensional component of the flow. This maximum inclination of the long axis to the flow direction is achieved when λ → ±∞. When |λ + 1| 1, the angle of the stable orientation of the particle to the shear gradient direction is given by
. Figure 2 (a) shows trajectories of the particle axis of symmetry for different values of the orbit constant for λ = −1.1. Figure 2(b) shows projections of the trajectories of the particle in the flow-gradient plane. Points H and H are the points of stable equilibrium where the typical torque due to the shear flow cancels the torque due to the asymmetric shape. Apart from the two stable orientations in the flow-gradient plane there are also two unstable orientations in this plane given by points B and B in figure 2. A small perturbation from these two unstable equilibrium positions will move the particle towards one of the two stable equilibrium positions. There are two additional unstable equilibrium positions in which the particle can stay aligned, along the ±z (vorticity) direction. In these orientations, in the absence of any perturbations, the particle could continue rotating about its axis without ever aligning. Again, a small perturbation out of the vorticity direction would cause the particle to drift towards the stable orientations H or H . In the case considered here where the particle has a mirror symmetry about the plane perpendicular to the axis of symmetry (example in figure 1d ), the two stable equilibria H and H are indistinguishable. Similarly, there are two indistinguishable pairs of unstable equilibria (B and B and ±z). We note here that the aligning behaviour of the particle is consistent with Stokes flow reversibility. To see that this is true, we simply reverse the sign of the undisturbed simple shear flow at infinity. If the particle is initially aligned in the stable (H or H ) or unstable (B or B ) equilibrium directions, in the reverse flow also it will stay aligned except now it will be in the unstable (B or B ) or stable (H or H ) equilibrium directions. If the particle is initially flipping, in the reverse flow its angular velocity will simply reverse its sign while the particle will stay in the same orbit. Typically, a particle will approach a stable orientation during the forward shear flow. When the flow is reversed, this fixed point becomes unstable and the particle will undergo a flip to align with the newly stable fixed point which was the unstable fixed point of the forward shear flow.
In general, when a particle undergoes rotational motion in simple shear flow, the minimum angular velocity acting on the particle is observed when the long axis of the particle is aligned in the flow direction. In this case, the long axis of the particle is along the axis of symmetry for λ > 0 and perpendicular to the axis of symmetry for λ < 0. At the point of transition from tumbling to the non-tumbling state (|λ| = 1), the angular velocity of the particle is 0 with the long axis in the flow direction. A very simple test of the ability of a particle shape to avoid tumbling is thus that the angular velocity of the particle when oriented with its long axis along the flow direction is either 0 or in the direction opposite to the vorticity. Based on this simple idea, in the next section we use asymptotic analysis to introduce a particle shape which can stop rotating in simple shear flow. We establish that the particle stops tumbling by showing that the angular velocity of the particle with its long axis aligned in the flow direction becomes 0 which corresponds to λ = −1 for the shape considered here.
3. Asymptotic analysis for a thin ring with a slightly asymmetric cross-section Like any incompressible linear flow, simple shear flow can be decomposed into an extensional flow and a rotational flow. In simple shear flow, the tendency of a particle to undergo rotational motion in the vorticity direction can be attributed to the rotational component of the shear flow. The rotational component of the flow tends to rotate the particle in the vorticity direction while the extensional component tends to align the long axis of the particle along the extensional axis. A rigid particle rotates with the rotational velocity of the fluid since the rotational component of the flow does not try to deform the particle. On the other hand, the response of a particle to the extensional flow component depends on its shape; for an axisymmetric particle the response can be completely described using λ, the tumbling parameter. In simple shear flow the strengths of the rotational and extensional components of the flow are equal and the response of the particle to the flow is dominated by the rotational component for |λ| < 1 and by the extensional component for |λ| > 1. As a result, the particle continues to rotate for |λ| < 1 and aligns for |λ| 1.
In a linear flow at low Reynolds number in the absence of external forces, the centre of a particle with fore-aft symmetry translates with the fluid velocity. However, a particle without fore-aft symmetry can undergo a cross-stream migration due to the extensional component of the flow in the direction of shear. This phenomenon has been discussed in a number of studies (Bretherton 1962a; Brenner 1964; Nir & Acrivos 1973) for three-dimensional asymmetric particles of different shapes. Since the velocity of the particle must be a linear function of the rate-of-strain tensor and can also depend on the orientation vector, it must take the form
where η 1 and η 2 are constants that depend on the particle shape. For a particle with fore-aft symmetry, the velocity of the particle when it is oriented in p and −p should be same, i.e. U(p) = U(−p). Hence, the coefficients η 1 = η 2 = 0 for such a particle and the particle translates with the fluid velocity. For a particle without fore-aft symmetry η 1 and η 2 can be non-zero. We will consider a particle with p = e x in a simple shear flow with E xy = E yx as the only non-zero components of rate-of-strain tensor. Here e x is the unit vector in the x-direction. In this case U x = 0 and U y = η 1 E xy and we will obtain a cross-stream drift velocity in the y-direction.
In this work, we show that a two-dimensional particle without fore-aft can also undergo such a cross-stream migration in simple shear flow (figure 1c). To the best of our knowledge, cross-stream migration of two-dimensional particles has not been discussed in the literature. Using such asymmetric shapes, we postulate that a threedimensional axisymmetric shape (figure 1d) formed by revolving the two-dimensional cross-section (figure 1c) can align in simple shear flow. Using asymptotic analysis, we calculate the angular velocity generated by the local cross-sectional shape of the ring in terms of the degree of asymmetry (α) and aspect ratio of the particle. The condition of alignment is then obtained by balancing the angular velocity due to asymmetry with the angular velocity of the particle in the vorticity direction due to finite aspect ratio.
The cross-stream motion of the two-dimensional particle can be obtained through one of two approaches. First, one may directly pose the mobility problem of determining the relative velocity of the particle and fluid when the particle is forcefree. Second, taking a resistivity approach, one may first compute the force acting on a particle held stationary in a simple shear flow and then compute the velocity of a particle relative to the fluid driven by this force. In addition to being more direct, the first, force-free approach has the advantage of avoiding Stokes paradox, which states that a Stokes fluid velocity cannot be determined in an unbounded two-dimensional flow with a net force acting on a particle. For this reason we adopt the first approach in our quantitative treatment of the cross-stream velocity of the two-dimensional particle and the resulting rotational velocity of the three-dimensional ring-shaped particle in § 3.2. However, the resistivity formulation has the advantage that one can more easily visualize the stresses driving the particle motion and for this reason we use this approach in § 3.1 to provide a physical understanding of the cross-stream driving forces.
Physical origin of the cross-stream force on an asymmetric two-dimensional particle
In this subsection we adopt a resistivity formulation and consider the forces per unit area acting on an axisymmetric ring-shaped particle that is held fixed in the x-z-plane and on a two-dimensional particle that constitutes the local cross-section of this ringshaped particle. We will be particularly interested in the net torque that would tend to 130 V. Singh, D. L. Koch and A. D. Stroock drive the axisymmetric particles to rotate with or against the vorticity and the net force per unit area on the local cross-section that contributes to this torque.
The forces acting on a typical particle such as a spheroid held stationary in simple shear flow are shown in figure 1(a). The surface forces per unit area f x in the xdirection create a fluid velocity disturbance that cancels the externally imposed simple shear flow at the particle surface. These x-forces also create a disturbance velocity in the y-direction which gives rise to a surface force in the y-direction on the surface of the particle to satisfy the no-slip boundary condition. The net torque due to the combination of these forces rotates the particle in the direction of vorticity. For a particle with fore-aft symmetry the net force acting is 0. But a particle without fore-aft symmetry in simple shear flow can have a cross-stream force acting on it due to the extensional component of the flow. We present one such shape (figure 1c) which, when force-free, can undergo drift in a direction perpendicular to the direction of flow.
Let us consider a ring (figure 1d) of perturbed circular cross-section. If the radius of the unperturbed circular cross-section is c and the radius of the perturbed cross-section is scaled with c, the shape of the perturbed cross-section is given by:
where R is the radius of the perturbed cross-section as a function of β, α is again the asymmetry parameter, and β is the angular coordinate in the local polar coordinate system measured relative to the line connecting the centre of the ring to the centre of the cross-section. Note here that the coordinate β is differently defined from the β used by Bretherton in the local spherical coordinate system of his aligning particle shape. Let the radius of the ring non-dimensionalized with c be A, measured from the centre of the global coordinate system whose origin is at the centre of the ring to the centre of the cross-section as shown in figure 1(d). We define the aspect ratio of the ring as the ratio of the radius of the circular cross-section to the radius of the ring, i.e. κ = 1/A. For A 1, one can locally approximate the ring as a straight infinite cylinder. Thus, a small part of the ring of thickness (A dθ ) can be modelled as an infinitely long cylinder held at an angle θ to the simple shear flow (figure 3a), where θ is the azimuthal angle measured from the vorticity direction in the flow-vorticity plane. Using linear superposition of Stokes flow solutions, the flow over an infinitely long cylinder inclined at an angle (θ ) can be divided into two parts: (i) flow parallel to a long cylinder (figure 3b) with a cos θ component of the shear flow acting over it; and (ii) flow perpendicular to a long cylinder with a sin θ component of the flow acting (figure 3c).
The problem is now reduced to the solution of the force acting on an infinite cylinder aligned with its axis in the flow direction as shown in figure 3(b) and an infinite cylinder aligned with its axis in the vorticity direction as shown in figure 3(c). The undisturbed flow fields for the two problems in the new coordinate systems are now given by:
where all the length scales are non-dimensionalized using the radius (c) of the undeformed ring cross-section, and the velocity gradients are non-dimensionalized using the shear rate, γ , of the simple shear flow. In the following discussion stresses are non-dimensionalized with µγ . The above flows are simple shear flows with cos θ and sin θ as the new non-dimensionalized shear rates; z * is the local coordinate along the axis of the ring and r is the local radial coordinate.
For case (i), in which the cylinder is aligned in the direction of flow, one can neglect the end effects of the cylinder on the disturbance field in the limit when the cylinder is infinitely long. This assumption implies that the flow is everywhere parallel to the axis of the cylinder, i.e. v x * , v y = 0 with v z * (r, β) the only non-zero component of the velocity. With flow parallel to the axis one can say that the pressure p = 0 since only variation in x * and y are allowed and the velocity is perpendicular to these directions. The momentum balance equation then reduces to ∇ 2 v z * = 0. The flow applies a shear stress along the axis of the particle but no forces in the x * -y-plane. There is no net force per unit length in the z * -direction but rather a torque per unit length acting in the vorticity direction due to a force dipole as illustrated in figure 3(b) .
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V. Singh, D. L. Koch and A. D. Stroock In case (ii) (figure 3c), the imposed velocity in the x * -direction induces stresses and a pressure variation in the x * -y-plane and a net force per unit length in the y-direction. If we further decompose the shear in the x * -y-plane into an extensional and a rotational component, we may note that the rotational fluid flow cannot induce a force. For a general three-dimensional particle, a fluid rotation far from the particle characterized by the vorticity ω can induce a force 5) where the resistance tensor H must be a pseudo-tensor. Since H depends only on the shape of the particle, this implies that the particle shape must be chiral. However, one cannot have a chiral two-dimensional particle so we conclude that the force due to fluid rotation in zero. Thus, we will consider the fluid velocity and the force per unit length on the particle cross-section due to the extensional component of the shear flow. A complete treatment of this problem would require a slender-body theory with a quasi-twodimensional inner solution matched to an outer solution in which the particle is treated as a ring of forces. The matching condition on the inner solution can be written in terms of the force per unit length F that the particle exerts on the fluid and a velocity of the fluid V relative to the ring produced by the deviation of the velocity disturbance of the ring of forces from that of an infinite line of forces as
The no-slip boundary condition on the inner solution at the cylinder surface is
The inner solution is obtained by applying these boundary conditions to the general two-dimensional solution to Stokes equation written in terms of the stream function in a manner similar to that outlined for the mobility problem in § 3.2 below. In a full slender-body treatment, the relationship between V and F which depends on the particle aspect ratio would be obtained by matching the inner solution to an outer solution. However, for illustrative purposes we will examine the qualitative variation of the force on the particle surface for the inner solution in the case V = 0. In § 3.2, we will see that the quantitative cross-stream migration rate can be obtained from the inner solution in a mobility formulation without the need to match to an outer solution.
Before considering the forces acting on an infinitely long cylinder with the asymmetric cross-section given by (3.2), let us first consider a cylinder with circular cross-section. The forces on the surface of the cylinder in pure extensional flow are shown in figure 4(a). Due to the symmetry of the shape, the forces on the circle in opposite quadrants cancel each other. When the cross-sectional shape is not fore-aft symmetric, the forces on the particle in opposite quadrants no longer cancel each other. Figure 4 (b) shows the forces acting on the rod when the shape of the cross-section is given by (3.2). The net force in the x * -direction is still zero but there is a net force in the y-direction. This effect can be seen more clearly in figure 4(c) which represents the difference between the y-components of the forces on the asymmetric and the circular cross-sections. Now let us consider the physical mechanisms leading to a net positive y-component of the force on the asymmetric particle. In figure 4(c), we have highlighted three regions of the first quadrant of the particle where the asymmetry increases the force per unit area in the y-direction, f y . We will explain the origin of the extra force in these regions; the mechanisms leading to extra f y in the other quadrants are similar. We can write f y in terms of the components of the stress tensor as:
(3.8)
The primary contribution to the yy-stress, σ yy , comes from the pressure, while the primary contribution to σ yx * is from the viscous stress; n x * and n y are the components of the normal vector to the surface in the x * -and y-directions. In region 1, the asymmetric particle extends radially outward further into the flow than the circle, increasing the velocity gradient and the viscous stress contribution to σ yx * . The lift force in region 2 arises primarily from the first term in (3.8). However, we found that the pressure and σ yy do not change substantially. Instead it is the variation of the y-component of the unit normal with particle shape, given to O(α) by n y = cos β + 3α cos β sin 3β, (3.9)
V. Singh, D. L. Koch and A. D. Stroock that accounts for the increased pressure-induced y-force. Similarly, in region 3, an increase in n x * leads to a larger viscous stress contribution to the y-force. This can be seen by noting that n x * is given by n x * = cos β − 3α sin β sin 3β (3.10) and region 3 corresponds to β > π/3 and sin 3β < 0 as well as being a region with a high shear stress.
Derivation of the cross-stream velocity
In this subsection, we will perform a detailed asymptotic analysis to determine the drift velocity of an asymmetric two-dimensional particle and the resulting rotation rate of a ring with an asymmetric cross-section. Particles are known to migrate across streamlines in unidirectional flows due to asymmetry (Brenner 1964; Nir & Acrivos 1973) , deformability (Goldsmith & Mason 1962; Olla 1999) , inertia (Ho & Leal 1974; Vasseur & Cox 1976) , and non-Newtonian behaviour of the fluid (Ho & Leal 1976 ). The migration of the particle due to inertia, deformability and the nonNewtonian behaviour of the fluid requires a combination of linear and quadratic flow or particle-wall hydrodynamic interactions in a bounded simple shear flow. However, an asymmetric particle can migrate in an unbounded simple shear flow. This migration is dependent on the orientation of the particle relative to the shear flow. Nir & Acrivos (1973) considered a freely suspended asymmetric particle and found that it underwent a time-periodic cross-stream migration with no net migration averaged over the particle period of rotation. Brenner (1964) considered a resistivity problem for an asymmetric particle and showed that either rotation of the particle or an imposed extensional flow can cause a cross-stream force. In our case, the two-dimensional particle is the cross-section of a ring and the connectedness of the ring can prevent its rotation. To determine the rotation rate in a mobility formulation for the entire ring when the ring is aligned in the x-z-plane, we will be interested in the cross-stream y-velocity on a two-dimensional particle aligned in the x * -direction. If the stresses created by the component of shear flow perpendicular to the local axis of the ring (3.4) lead to a particle rotation rate (torque) that exceeds that created by the component of the shear flow parallel to the local axis (3.3), the particle will tend to rotate against the vorticity when it is in the x-z-plane and will achieve a fixed orientation upstream of the x-z-plane.
Here, we first calculate the drift velocity of a particle lacking fore-aft symmetry across streamlines in two-dimensional flow. We find that the drift velocity of the two-dimensional fore-aft-asymmetric cross-section is distributed over the ring such that it creates a rigid-body rotation in a direction opposite to the vorticity direction. This rigid-body rotation, in the asymptotic limits of A 1 and α 1, allows us to simply superimpose the angular velocity due to the fore-aft symmetry on the Jeffery-type angular velocity of the ring in simple shear. In the next subsection, we use the balance between the two angular velocities to obtain the condition for alignment of the particle.
The shape of the cross-section is represented using Fourier modes with the coefficient of the mode (α) being small. We derive the leading-order drift velocity of the cross-section by expanding in a regular perturbation expansion in α. To keep the discussion general, let the shape of the cross-section be given by:
where α is a small parameter. Only odd Fourier modes are considered here as even modes are fore-aft symmetric and cannot lead to a cross-stream drift. We solve for the drift velocity of a force-free non-rotating particle in the undisturbed flow field given by (3.4). Let the unknown drift velocity of the particle be v 1 in +y-direction. We use the stream function approach to solve the Stokes flow problem in two dimensions. The general solution for the stream function (Leal 2007 ) is used along with the boundary conditions that, far from the particle, the fluid velocity is given by simple shear and, on the surface of the particle, the fluid velocity is equal to v 1 in +y-direction. Writing the undisturbed velocity field at r → ∞ in polar coordinates: (3.12) In polar coordinates, the velocity field is related to the stream function as:
so the boundary condition (3.13) expressed in terms of the stream function is:
(3.14)
Using the general solution (Leal 2007) for the stream function in polar coordinates, the stream function may be expressed as:
Here we have included only those terms in the stream function corresponding to the imposed simple shear flow equation (3.14) and a velocity disturbance due to the particle that is required to decay as r → ∞. In addition we have omitted terms that involve sine functions owing to the symmetry of the particle and flow about the x * -z * -plane. To find the unknown constants in (3.15), the no-slip boundary condition at the surface of the particle is used:
Using (3.15), these conditions can be written as:
Using the above boundary conditions on the surface of the particle, we calculate the drift velocity v 1 as well as the unknown coefficients c 2 , d 1 , d 2 ,d 2 . . . used to describe the stream function in (3.15). The process involves expressing terms in (3.17) and (3.18) in terms of sine and cosine Fourier modes respectively and using orthogonality of Fourier series to solve for the unknown coefficients. First, we consider a circular cylinder so that α = 0 and R = 1. Using the surface boundary conditions (3.16) with α = 0, we get (Bretherton 1962b) :
The only non-zero Fourier mode is the second mode driven by the cos(2β) term of the simple shear flow stream function when the surface of the particle is circular. In this case, there is no drift velocity, i.e. v 1 = 0. The solution for the stream function around an infinitely long circular cylinder rotating in a simple shear flow was first given by Bretherton (1962b) ; the above relation (3.19) is a special case of that solution when angular velocity of the cylinder is 0. Next we consider the first perturbation to the stream function due to finite asymmetry. When α = 0, the O(α 0 ) terms in the solution for the stream function in the presence of a circle are the terms that drive other modes of the stream function at O(α). In particular the perturbed flow is driven by the interaction of the (2m + 1) mode of the perturbed surface and the O(1) cos(2β) terms and the ln(r) term in (3.19). To the leading order any term in (3.17) and (3.18) can be written as:
where (3.20a) gives the type of term needed in (3.17) and (3.20b) and (3.20c) the types of terms needed in (3.18). It should be noted here that in both (3.17) and (3.18), the same Fourier modes appear, except that in one case all terms are expressed in terms of sine functions and in the other in terms of cosine functions. The other difference is the 1/r (from ln r) term which appears only in (3.18) and drives the 2m + 1 mode. Thus, to the leading order it turns out that only 2m − 1, 2m + 1 and 2m+3 Fourier modes terms are non-zero in the general stream function solution (3.15). All other modes are higher-order in α.
Since we are interested in shapes for which v 1 = 0, it is valuable to note that the only term that can drive the v 1 term to first-order is the first Fourier mode, which is non-zero for m = 1. Hence, amongst the family of shapes represented by (3.11), the only shape with a non-zero drift velocity is that with the third Fourier mode (3. (3.21) and the drift velocity in this case is:
3.3. Condition for alignment The drift velocity, v 1 , to the leading order is proportional to α, a measure of the degree of asymmetry of the cross-section. When this cross-section becomes part of the ring, one can calculate an angular velocity originating from this drift velocity. The sin θ dependence of the drift velocity for a cross-section corresponds to a solid-body rotation of the ring. The corresponding rigid-body rotation rate of the ring in the vorticity direction when its axis of symmetry is in the gradient direction is given by:
23a)
The angular velocity of the ring in (3.23) arises from the asymmetry of the crosssection and is opposite to the direction of vorticity. Apart from this angular velocity, a finite-aspect-ratio ring will undergo rotation in the vorticity direction due to the torque per unit length exerted by the shear flow. In the limit when α 1, the leading-order angular velocity of the ring is the same as the angular velocity of a ring with circular cross-section in simple shear flow. The torque per unit length arises from a local interaction of the flow with the ring cross-section and is independent of A, and this leads to a total torque proportional to the circumference 2πA. The resistance to rotation is proportional to ln A/A 3 so the rotation rate induced by the torque is proportional to (ln A)/A 2 . Thus the angular velocity in the vorticity direction is given by:
where the prefactor of the leading-order term in (3.24) was obtained using the boundary-element method simulations presented in § 5. The net angular velocity of a ring in the vorticity direction, in the limits A 1 and α 1, can be calculated using linear superposition of angular velocities calculated in (3.23) and (3.24), and is then given by:
Here, the tumbling parameter, λ, is written in terms of the angular velocity of the particle using (1.1) and the knowledge that the particle is oriented in the gradient direction. It should be noted here that there are two O(α) terms in (3.25); however the O(α(ln A/A 2 )) term can be neglected compared to α/2A when A 1.
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The particle will reach a steady alignment if the tumbling parameter is less than or equal to −1. This occurs when the rotation rate of a particle in the flow-gradient plane is less than or equal to zero, which corresponds to the angular velocity due to the asymmetry of the particle being greater than or equal to the angular velocity of the particle with the circular cross-section. This condition is given by:
The 'equal to' sign in the above equation corresponds to a critical radius of the ring at which the particle first aligns and has a permanent orientation within the flow-vorticity plane. A radius above this critical value leads to alignment of the axis of symmetry of the particle as noted earlier, at an angle φ to the gradient direction given by tan φ = − ((λ + 1)/(λ − 1)) 1/2
. It should be noted here that unlike Bretherton's (Bretherton 1962a) shape, the ring shape presented here can align at a moderate aspect ratio. A challenge to achieve alignment with Bretherton's shape is the need for the asymmetric beads to overcome the torque on the connecting rod. In our shape there is no need for a connector and the entire circumference of the ring is providing a cross-stream force that contributes to the torque that is opposite to the vorticity direction. Another distinction is that the non-tumbling shapes studied in this work have λ −1 whereas for Bretherton's shape λ 1. Both our particle shape and Bretherton's are able to achieve alignment without an external body force or torque.
Thus far, we have described the cross-stream migration of a two-dimensional circular particle perturbed by the third Fourier mode and its role in creating a flowaligning ring-shaped particle. We now discuss other perturbed shapes. Based on tensor symmetries discussed at the beginning of § 3, it is clear that fore-aft asymmetry is required to create cross-stream migration. However, it is interesting to note that not all fore-aft asymmetries could give rise to a lateral migration. It will be shown in § A.1 that any perturbed shape of the form R = 1 + α cos((2m + 1)β) for m > 1, (3.27) corresponding to modes higher than third-order gives no migration velocity to any order in α. Thus, a ring with the cross-sectional shapes represented by (3.27) can align in simple shear flow only for m = 1. Although shapes represented by (3.27) do not drift in the gradient direction, we find that combinations of perturbations involving higher-order modes could give rise to a lateral force at higher-orders in α. For example, a combination of Fourier modes of the form R = 1 + α 1 cos((2m 1 + 1)β) + α 2 cos((2m 2 + 1)β) (3.28) can give a drift velocity for m 1 = 2 and m 2 = 3 as shown in § A.1.
Boundary-element method
The asymptotic solutions obtained above are valid only in the limits A 1 and α 1; at finite A and α the problem needs to be solved using a numerical scheme. Both the resistivity and mobility problems discussed are ideally suited to be solved using the boundary-element method (Youngren & Acrivos 1975; Kim & Karilla 1991; Pozrikidis 2002 ), which solves an integral representation of the creeping-flow problem on the two-dimensional surface of the particle instead of solving the Stokes equations in the three-dimensional domain. The starting point for the boundary-element method is an integral equation for the velocity field written in terms of the stresses acting on the boundary convoluted with the Green's function. The general integral representation of the creeping-flow problem was obtained by Ladyzhenskaya (1963) . For the case of flow around rigid boundaries, the simplified integral equation (Kim & Karilla 1991) for the creeping-flow problem can be written as:
where r and r are position vectors, v is the velocity on the boundary, u is the undisturbed fluid velocity (simple shear flow here) in the absence of the boundary, f is the unknown stress, S represents the boundary of the flow domain, dS indicates integration over S with respect to the point r , and J is the Green's function. The integral term on the right-hand side represents the disturbance field created by the stresses at r on the velocity at r. For the Stokes problem, J is given by:
Based on the symmetry of the particle studied here about the x-z-plane and the antisymmetry of the flow about the x-z-plane, we can further simplify the problem by identifying the following relationship between stresses acting on the surface of the particle:
where ρ is the radial vector in polar coordinates in the x-z-plane. Using the above relations, the boundary integral formulation for the problem is then reduced to:
where Γ is the non-dimensional imposed velocity gradient tensor. The integration is now performed on the surface of the particle in the +y-direction. Given the axisymmetry of the particle, the unidirectional nature of the imposed flow and the orientation of the particle with respect to the external flow, one can expect a simple dependence of stresses on the θ -direction. Using the finite-element software package Comsol, we have determined the following functional dependence of the stresses on the azimuthal (θ ) direction: f x (ρ, +y) = f 1 (ρ, +y) cos(2θ) + f 2 (ρ, +y), (4.5a) f y (ρ, +y) = f 3 (ρ, +y) cos θ, (4.5b) f z (ρ, +y) = f 4 (ρ, +y) sin(2θ). (4.5c)
These finite-element Comsol simulations have been performed in a manner similar to the ones described in Singh, Koch & Stroock (2011) for determining effective aspect ratio of cylindrical disks. Using the above dependence of stresses on the azimuthal direction in (4.4), we analytically integrate along the azimuthal direction. These results are shown in § A.2. The remaining problem is then reduced to numerical integration 140 V. Singh, D. L. Koch and A. D . Stroock along the radial direction and requires discretization only over the cross-section of the ring. It should be noted here that in the limit ρ → ρ , the Green's functions in (4.4) are singular. Analytical integration is performed to remove the singularities in this limit. The details of the analytical integration are also given in § A.2.
For the simulations, the ring cross-section is discretized into N elements. Each element subtends an equal angle dβ at the centre of the ring cross-section and the entire cross-section is at a constant value of θ from the vorticity direction. The stresses over the individual elements are considered to be constant. Each element itself is locally divided into N small elements to integrate the Green's function. For the results presented in this work, we have taken N = 500 and N small = 20.
In the present work, we solve two types of problem: (i) determine the angular velocity of a torque-free particle (mobility problem); and (ii) determine the torque acting on a stationary particle (resistivity problem). For solving the resistivity problem (type ii), the surface velocity of 0 is used in the integral equation and the problem is solved for the stresses (f 1 , f 2 , f 3 , f 4 ) acting on the particle which corresponds to 4N variables. Momentum balances in three directions yield 3N linear equations for N elements for a single constant value of θ. An additional N equations are obtained by applying the momentum balance in the x-direction (A 5) for another value of θ. The two constant values of θ used in the simulations are: π/4 for momentum balances in all three directions and 0 for momentum balance in the x-direction. The resultant torque is calculated from the stresses using the following equation:
The factor of 2 in the above equation accounts for the torque acting on the −y half of the particle which by symmetry of the flow about x-z-plane and fore-aft symmetry of the particle is equal in magnitude and direction to the torque acting in the +y half of the particle. For the solution of the mobility problem (type i), an unknown angular velocity, ω, along the vorticity direction is assumed. The velocity boundary conditions on the surface of the particle for this case are then given by:
In the simulations for this case, there are 4N + 1 unknowns, with angular velocity ω of the ring being an additional unknown. The condition of no net torque, T z = 0, is applied to (4.6) to solve for the additional unknown.
Numerical and analytical predictions
In this section we present the results of the boundary-element simulations and compare these results with the analytical predictions derived in § 3. We first validate our implementation of the boundary-element method (BEM) by comparing with analytical predictions for the torque on a circular ring rotating in a quiescent fluid. The analytical results are then compared with the simulation results in the limit when α 1 and A 1. Finally, BEM results for finite aspect ratios and finite α values for the ring particles with cross-section given by (3.2) are presented. We determine the critical α-dependent radius of the ring, A, at which the ring will transition from rotating continuously to reaching a steady alignment. The resistance formulation is used for the validation of the torque results in § 5.1, while all the other results involve calculation of the angular velocity for a freely rotating ring using the mobility formulation.
Circular cross-section ring
When α = 0, the particle cross-section is circular and the ring has the shape of a circular torus. The torque and the rotation rate of such a ring with its axis of symmetry in the gradient direction of a simple shear flow satisfy the relationship:
Here, two parameters, the tumbling parameter λ and the torque coefficient g z , allow one to calculate the torque on a particle rotating with any angular velocity ω in simple shear flow. We calculated the tumbling parameter λ of the particle by solving for the angular velocity of the particle when the particle is torque-free (T z = 0) from the BEM simulations of the mobility problem. The torque coefficient is then calculated based on the BEM simulations of the resistivity problem (ω = 0). Our results for the torque coefficient can be compared with previous theoretical work while we obtain new predictions for the tumbling parameter of a circular torus. Circular-torus-shaped particles have been extensively studied in the past (Tchen 1954; Pell & Payne 1960; Yamakawa & Yamaei 1973; Johnson & Wu 1979; Goren & O'Neill 1980; Thaokar, Schiessel & Kulic 2007) particularly because of interest in ring polymers. We will compare our simulation results with the complete solutions of Goren & O'Neill (1980) and the asymptotic solutions of Johnson & Wu (1979) . Goren & O'Neill (1980) have determined the torque and force on rotating and translating circular-torus particles in a fluid that is at rest at infinity. They obtained analytical results even for finite-aspect-ratio particles by solving the equations of motion for the fluid in toroidal coordinates. In particular, we will consider their analytical results for the torque coefficient calculated for a torus rotating about one of its long axes.
The scaling of the torque coefficient at high aspect ratio is obtained from the results of Johnson & Wu (1979) who used the singularity solution for Stokes flow to solve for the flow past a slender ring with circular cross-section. Johnson & Wu calculated the force per unit length and the torque per unit length acting on the ring cross-section; we present two leading terms for the torque coefficient of the particle at large A which are generated by the force per unit length term. In the limit A 1, the force per unit length is given by (= − 8π(((1 + λ)/2)A/2(ln 8A − 3/2)) sin θ + O(1/A 2 )) for rings rotating about one of their longer axes where θ is the angle relative to the axis of rotation. The torque acting on the particle due to this force can then be written as:
Using (5.1) and (5.2), the torque coefficient is given by: Goren & O'Neill (1980) at all values of the ring radius. Johnson & Wu (1979) 's predictions (continuous curve) at small aspect ratio are in good agreement with the exact results when the non-dimensional radius of the ring is larger than 20. The angular velocity ω cc of a torque-free circular torus in the x-z-plane of a simple shear flow is plotted in figure 6 for A ranging from 1.5 to 250. The scaling analysis outlined in (3.24) indicating that the rotation rate is proportional to ln(A)/A 2 is quantitatively accurate at small aspect ratios and remains a good approximation for A as small as 3. The tumbling parameter can be calculated from ω cc using (5.1). The effective aspect ratio of the ring-shaped particle to the leading order is then given by:
It is interesting to note that slender circular rings like long cylindrical fibres rotate logarithmically faster than spheroids of the same aspect ratio (Cox 1971 ) (Note that Singh et al. 2011 incorrectly listed Cox's asymptotic effective aspect ratio of cylinders for κ 1 as 1.24κ/ ln(κ) rather than 1.24κ/ (ln(κ))
1/2 in their equation (9). However, the correct formula was used in figure 5 of Singh et al. 2011) . In contrast, the effective aspect ratio of low-aspect-ratio circular disks (Singh et al. 2013 ) is larger than the particle aspect ratio by an algebraic factor. The straight line fit is plotted using data for A 100 and is given by ω cc = 0.815(ln A/A 2 ).
Comparison of asymptotic analysis with simulation for large
cross-section undergoes Jeffery's rotational motion in the vorticity direction in simple shear flow with an angular velocity, ω cc (3.24). When the shape of the cross-section is slightly non-circular as given by (3.2), the angular velocity of the particle is a combination of this Jeffery's rotational velocity and an angular velocity due to the asymmetry of the cross-section of the ring. From the asymptotic analysis in § 3, we have shown that in the limit when α 1 and A 1, the angular velocity, ω as of the particle due to the asymmetric cross-section is given by (3.23). As noted earlier, the net angular velocity, ω, is given by:
It should be noted here that the angular velocity, ω cc , also changes due to the change in the cross-section but is a factor of A −1 smaller than ω as and can be neglected in the leading-order analysis. Figure 7 shows twice the angular velocity of the particle as a function of α for A = 50, 100 and 200. The straight lines are fits to the simulations for values of α < 0.02. The slopes of these lines for A = 200 and 100 are found to be within 1.5 % of the predicted slope of 1/A from the analysis in (5.5). The slope of the line for A = 50 is ∼3 % less than the predicted slope. The intercept of the lines on the y-axis corresponds to twice the angular velocity of the particle with circular cross-section. The linear dependence of the rotation rate on α provides a good approximation to the computational results up to α ≈ 0.08. At higher α, the rotation rate decreases more slowly with α suggesting that backward rotation of the ring due to the asymmetry saturates at finite α.
Finite-aspect-ratio calculations
As the non-dimensional radius, A, of the ring becomes smaller and the deviation of the cross-section from a circular shape becomes more significant, the asymptotic approximations used in § 3 are no longer accurate. To explore the rotation rate of particles in this regime we perform a series of boundary-element simulations for a 144 V. Singh, D. L. Koch and A. D. Stroock range of A and α. Using (5.5), the tumbling parameter is calculated by solving for the torque-free angular velocity of the ring in the BEM. For practical purposes it is of interest to find the minimum radius (maximum aspect ratio) of the particle at which it will reach a steady alignment. Since the transition from tumbling to aligning motion occurs when the tumbling parameter λ is equal to −1, we plot 1 + λ as a function of the radius of the ring, A, for α = 0, 0.1, 0.4 and 0.55 in figure 8 . As A increases, 1 + λ decreases and crosses 0 which is the point of transition from tumbling to non tumbling. For the particles that stop rotating, the value of 1 + λ after reaching a minimum starts increasing with increasing A although it does not cross 0 again. This behaviour is consistent with the asymptotic analysis (5.5) which indicates that 1 + λ scales like O(α/A) for A 1 and α 1. For λ + 1 < 0, a particle axis of symmetry reaches a fixed orientation in the x-yplane. The angle between the particle axis of symmetry and the gradient direction is given by −tan
(figure 2) which, for λ ∼ −1, can be simplified to just
. The maximum absolute value of the angle of inclination from figure 8 is 0.032, obtained for α = 0.55 and A = 70. It should be noted here that small values of the inclination angle imply that the stability of the particle against perturbations is small. Any perturbation that is large enough to rotate the particle by an angle of 2 ((1 + λ)/(−2)) 1/2 will result in the particle rotating by an angle of π, from one stable equilibrium orientation (near the +y-axis) to the other stable equilibrium orientation (near the −y-axis).
Typical rigid particle shapes like cylinders, disks, spheroids, and rings with circular cross-section undergoing Jeffery's rotational motion have a period of rotation that increases as the particle becomes thinner, i.e. λ → ±1 when the particle aspect ratio approaches 0 or ∞. Like ring shapes with circular cross-section, it is the natural tendency of the ring particles with cross-section given by (3.2) to rotate slowly and have small absolute values of 1 + λ as the aspect ratio is decreased. However, due to the presence of a non-circular cross-section these particles actually stop rotating (λ = −1) at finite values of the aspect ratio. The transition of the particle from Jefferylike periodic rotational motion to the aligned state as a function of the particle radius and α is shown in figure 9 . Above the curve, particles tumble and below the curve particles do not tumble in the simple shear flow. For the values of α shown in figure 9 , the minimum integral value of the radius for which a particle can align is A = 30 which occurs for α ∼ 0.55. The dependence of the maximum flow-aligning aspect ratio on the asymmetry parameter is weak over a broad range α = 0.4-0.9 for which the minimum A remains between 30 and 33. This minimum value of the flow-aligning radius is obtained for the cross-sectional shapes studied in this work but probably does not represent the global minimum of the radius (or maximum of the aspect ratio) for all the rigid particle shapes that can align in simple shear flow. For more practical applications of suspensions of these particles, aspect ratio closer to 1 (A ∼ 1) would be very useful. In this work, we have not attempted to optimize the shape of the cross-section to increase the angular velocity of the particle due to asymmetry. Some of the questions that remain to be answered are: What is the optimum shape of the cross-section which induces maximum angular velocity of the ring due to asymmetry? Are ring-shaped particles the only particles which could align in simple shear flow? If not, then what is the global optimum shape that maximizes the aspect ratio of the non-tumbling particles?
Conclusion
In this work, we have presented particle shapes that can stop rotating in simple shear flow. Particles in simple shear flow tumble due to the rotational component of the showing the non-dimensionalized radius of the particle at which the particle transitions from a continuously tumbling state to the nontumbling state for various values of α. The points here represent the smallest integer value of A for which the particle stops tumbling. The cross-sectional shape (α = 0.55) of the particle that aligns at a radius of 30 is shown in the graph. The continuous curve represents the transition predicted from the asymptotic analysis in (3.26).
simple shear flow. We have used an asymmetry between the inner and outer portions of a ring cross-section to induce a lateral force per unit length on the cross-section of the particle. The torque due to this force cancels the torque trying to rotate the particle in the vorticity direction at appropriate aspect ratios. The particular shape that we have studied is a ring with the cross-section given by R = 1 + α cos 3β and the radius given by A. Unlike Bretherton's proposed non-tumbling particle shape, the ring-shaped non-tumbling particles do not require a connector and can stop tumbling at finite aspect ratios while maintaining rigidity. To leading order in α, the angular velocity of the particle due to asymmetry is given by α/2A. We have shown that lack of fore-aft symmetry of the cross-section is a necessary but not a sufficient condition to induce a lateral force per unit circumference on the particle which is necessary for alignment.
The tumbling parameter for the non-tumbling particle shapes presented in this work lies in the range λ −1 which corresponds to the alignment of axis of symmetry close to the gradient direction, whereas the tumbling parameter of the shape presented by Bretherton (1962a) lies in the range λ 1 which corresponds to the alignment of axis of symmetry close to the flow direction. Values of the tumbling parameter for the shapes studied in this work are calculated for different values of A and α. The equilibrium orientation of the axis of symmetry of the particle is found to be close to the gradient direction (figure 8) due to which the stability of the particles to perturbations is not very high. We found that the minimum radius of the ring for which the particle stops rotating is ∼30 which is obtained for α ∼ 0.55.
In the light of the small 1 + λ values obtained for the non-rotating particle shapes studied here, it is important to examine the practicality of our findings when applied to actual engineering systems. Since most engineering systems would involve Poiseuille flows, it is of interest to determine the effect of quadratic flows on the rotational behaviour of the aligning particles. In unbounded quadratic flows, it has been shown that the rotational motion of particles also follows the equation of motion as given by Jeffery (Chwang 1975) . Thus even in pipe flow the particles discussed in this work will not undergo rotational motion. In the case of bounded quadratic flow, interactions with the wall also play a role in determining the motion of the particle. There is precedent from the fibre literature which shows that interactions with the wall decreases the rate of rotation of the fibres (Stover & Cohen 1990) . Mody & King (2005) have shown that spheroidal disks with κ = 0.25 when placed beyond a critical distance (1.2 times radius) undergo a retarded Jeffery's rotational motion and at a distance of ∼0.7 times the radius completely stop rotating. Thus, for the case of non-rotating rings, it seems likely that wall interactions will not disturb the non-tumbling nature of the particles.
It is possible that hydrodynamic interactions among the particles could lead to tumbling if the asymmetric rings were dispersed in a fluid at finite concentrations rather than as a single particle as considered here. It may be noted however that at very high concentrations steric interactions among Brownian fibres (Chen & Koch 1996) or disks (Jogun & Zukoski 1999) can lead to highly aligned suspensions. It might be expected that steric effects also inhibit rotation at high concentrations in non-Brownian systems. Thus at high concentrations and low concentrations, the nonrotating particles studied here should continue to stay aligned in the flow-vorticity plane. At moderate concentrations the hydrodynamic disturbance of one particle may induce rotation of neighbouring particles. However, even in this case, it seems unlikely that a catastrophic deviation from flow aligning will occur in moderately concentrated suspensions. The velocity disturbance caused by the aligned particles is relatively modest. In addition, if one particle does begin to rotate it is likely to align again after rotating through an angle of π rather than flipping continuously.
Although we have been able to show that the ring-shaped particles can align at moderate aspects ratios of ∼30, the physical manifestation of such particles is still going to be challenging. For low Reynolds number and non-Brownian conditions, there is only a small size range, for aspect ratio of 30, in which the particle will continue to align for viscous fluids. The problem of fabrication is further complicated by the kind of shapes (figure 9) needed for alignment at moderate aspect ratio. It seems that a technique like three-dimensional printing can be used to fabricate these particles. For an aspect ratio of 30, one can fabricate a ring with a radius of 1 cm and a cross-section of mean radius 300 µm. For α = −0.55, the characteristic length of asymmetry of the cross-section will be 150 µm. This critical dimension is achievable with emerging methods in three-dimensional printing (Lewis 2006) . For this size range the particle would not undergo Brownian motion of sufficient amplitude to flip the particle. To achieve low Re for this particle size, viscous fluids like glycerine or polybutene (10 Poise) should be used. It should be further noted that in this paper we study cross-sectional shapes with Fourier modes because of the ease of mathematical analysis on such shapes, but cross-sectional shapes like an equilateral triangle and a right-angle triangle should also be able to align the particle at appropriate aspect ratios. These triangular shapes can be fabricated using more conventional fabrication techniques such as lithographic patterning of photosensitive polymers on rigid substrates (Badaire et al. 2007) . A large number of particles could be formed by replica moulding based on one or a few master structures (Euliss et al. 2006) . Finally, we note that we have discovered only one class of shape which can V. Singh, D. L. Koch and A. D. Stroock align, there are possibly other shapes of lower aspect ratio and simpler design which could align and could be fabricated with greater ease.
We will now discuss some broad implications of an aligning particle suspension. The non-rotating nature of the ring-shaped particles discussed in this work can have important rheological consequences on suspensions. In a suspension of rotating circular rings, an O(κ) fraction of the rings will be rotating at any given time. These rotating rings experience a force per unit circumference of order µγ A * leading to a stresslet, the first moment of the force distribution, of order µγ A * 3
. Here A * is the dimensional radius of the ring. The contribution of these rotating rings to the stress in the suspension is O(nκ), the number density of flipping rings times their stresslet, yielding an enhancement of the effective viscosity µ eff given by (µ eff − µ)/µ = O(nA * 2 c) where c is the radius of the ring cross-section. In a suspension of rotating rings, like a suspension of rotating fibres, this contribution from tumbling particles dominates over the contributions from the O(1) fraction of the particles that are near the flow-vorticity plane. In a suspension of non-rotating rings, the particles' contribution to the viscosity is purely due to rings aligned near the flow-vorticity plane which exert an O(µγ c 2 ) stresslet per unit circumference on the fluid leading to a much smaller enhancement of the effective viscosity
c) obtained for rotating rings. Due to this lower resistance to shearing, a suspension of aligning particles could have benefits in terms of ease of processing.
Like the viscosity, the collision rate of ring particles can also be shown to change drastically if the particles do not tumble. For suspensions of tumbling particles with low and high aspect ratio, the leading-order contribution to the collision rate comes from collisions of rotating particles with aligned particles. Following the arguments of Singh et al. (2011) for circular cylinders, the leading-order collision rate for a suspension of ring-shaped particle with circular cross-section is given by O(n 2 A * 2 cγ ). Like thin disks, the contribution to the collision rate from the O(1) fraction of the particles that are near the flow-gradient plane is lower. In a suspension of nontumbling ring particles there are no particles undergoing rotation, thus the leadingorder collision rate arises from collisions of pairs of aligned rings and is given by O(n 2 A * c 2 γ ). This rate is O(1/A) smaller than the collision rate of the rotating ring suspension. A smaller rate of collision would decrease the rate of cluster formation of particles thus improving the processing properties of the suspension.
Materials made from non-tumbling particulate suspensions using methods such as injection moulding could have a high degree of anisotropy because particles will be aligned in a single plane, at least when particle interactions are negligible. As a result the properties of the material such as the elastic modulus, thermal conductivity, magnetic and electric, which depend on the orientation distribution of the constituent material would also be expected to have a high degree of anisotropy. For instance, a thin sheet of composite material containing aligned particles in the flow-vorticity plane during injection moulding could have a high elastic modulus for extensional deformations in the plane of the sheet and a low resistance to shear deformation across the thickness. Similarly, if the particles are highly conducting, the in-plane conductivity of the material could be high and the conductivity across the thickness small. The possibility of tuning material properties in this way motivates further work toward optimizing the shape leading to non-tumbling behaviour and the development of experimental methods to form such non-rotating particles. This appendix is divided into two parts. In the first, we solve Stokes flow around the two-dimensional cross-sections of the ring in simple shear flow using the streamfunction approach at higher-orders in α. We show that not all cross-sectional shapes which lack fore-aft symmetries can lead to a drift velocity in the gradient direction even at higher-order in α. Thus, while a lack of fore-aft symmetry is a necessary condition to induce a cross-stream velocity, it is not a sufficient condition. In the second part, we simplify the original integral equations by carrying out integrations in the azimuthal direction using complete elliptic integrals, thus transforming the surface integrals into line integrals. Analytical results for the singular integrands encountered in the BEM formulations are also presented.
A.1. Higher-order drift velocity calculations for a two-dimensional particle lacking fore-aft symmetry In § 3 we showed that at leading order in α the cross-stream motion of a twodimensional particle results only from the third Fourier mode perturbation in shape. However, we might have expected that other odd modes lacking fore-aft symmetry would yield drift at higher-orders in α. It will be shown in this appendix, however that even at higher-orders in α a cross-section described by (3.11) yields cross-stream drift only when m = 1. This implies that not all shapes lacking fore-aft symmetry can lead to a non-zero drift velocity. Interestingly, previous studies (Bretherton 1962a; Brenner 1964 ) of asymmetric three-dimensional particles have only considered the third Legendre polynomial and have not commented on the question of whether crossstream drift occurs, even in the limit of small α, for higher-order mode perturbations in shape.
The general solution for the stream function in simple shear flow around the particle is still given by (3.15) along with the velocity boundary conditions (3.17) and (3.18) on the particle surface. The strategy is again to express the right-hand-side terms in the first boundary condition (3.17) in terms of sine Fourier modes and the second boundary condition (3.18) in terms of cosine modes and then show that even at higher-orders in α only certain modes of the stream function are non-zero. Specifically, we show that shear flow acting on a particle given by (3.11), does not drive sin β or cos β terms in the stream function solution which must be non-zero for a non-zero drift velocity (v 1 ), unless m = 1.
The driving terms for the stream function from the imposed flow in (3.17) and (3.18) are: R sin 2β, R and R cos 2β. Both the terms R sin 2β and R cos 2β drive the same terms in the stream function solution. Thus we limit our discussion to terms from (3.18) since it has an extra driving term of R from the simple shear flow. Let us now consider a general term from the multipole expansion of the velocity field in (3.18): cos(nβ)/r n+1 . On the surface of the particle, at higher-orders in α this term can be written as: Singh, D. L. Koch and A. D. Stroock where b = 2m + 1. To express the above equation in terms of Fourier modes, the product terms, cos a (bβ) cos(nβ), can be expressed as summations of cosine terms,
In the last two results, terms on the left-hand side of the symbol → can be written as the sum of the terms on the right-hand side with some pre-factors. These two results can be shown easily using induction. Since a, b and n are non-negative integers, the only terms that can give a cos β term (driving term for the drift velocity) are cos
The Fourier modes in the general solution of the stream function that could give rise to a drift velocity are shown in figure 10 (a). Now in order to show that the drift velocity is 0 at higher-orders in α, we need to show that all of the terms in figure 10(a) that can give rise to a non-zero drift velocity are zero themselves. In these results again terms on the left-hand side of the symbol → can be written as the sum of the terms on the right-hand side with some pre-factors. The only Fourier modes in the stream function solution driven by the original modes of simple shear flow are ±2, b, b ± 2, 2b, 2b ± 2, . . . . . . ab, ab ± 2. These modes are represented on the number line in figure 10 (b) alongside modes that can drive the first Fourier mode. It is clear that there is no overlap between the two sets of modes for b > 3. Hence for the cross-sectional shapes given by (3.11), the only shape which will drift in the gradient direction is m = 1. Although within the family of shapes represented by (3.11), only a single shape can undergo drift in the lateral direction, this does not mean that there is only one two-dimensional shape lacking fore-aft symmetry that undergoes drift. Shapes could have a combination of perturbations like:
R(β) = 1 + α 1 cos(b 1 β) + α 2 cos(b 2 β) for b 1 , b 2 > 3.
(A 4)
For these shapes, it can be shown that for a general term (cos(nβ)/r n+1 | R ) to give a non-zero value of v 1 (or drive the first Fourier mode in the stream function solution): n = b 1 ± 1, b 2 ± 1, b 1 ± b 2 ± 1, 2b 1 ± 1, 2b 2 ± 1, 2b 1 ± b 2 ± 1, b 1 ± 2b 2 ± 1, . . . . On the other hand Fourier modes of stream function solution driven by the shear flow are: 2, b 1 , b 2 , b 1 ± 2, b 2 ± 2, b 1 ± b 2 ± 2, 2b 1 , 2b 2 , . . . .
For a non-zero v 1 , there should be a Fourier mode driven by the shear flow that could also drive the first Fourier mode. For b 1 = 5 and b 2 = 7, one of the Fourier modes of the stream function driven by shear flow is b 2 + 2 = 9 and one of the Fourier modes which can drive the first Fourier modes is 2b 1 − 1 = 9. Thus, this shape can undergo drift in the gradient direction even without the third Fourier mode perturbation in shape. The resultant contribution to the drift velocity is O(α 2 1 α 2 ). For this shape, similarly there is another contribution to drift velocity at O(α 2 2 α 1 ) and other higher-order contributions.
A.2. Elliptic integral formulations
Using the azimuthal dependence of stresses from (4.5), the boundary integral equation (4.4) can be written as:
ρ ds dθ (f 1 (ρ , y ) cos(2θ ) + f 2 (ρ , y )) 1 
where ρ = (ρ 2 + ρ 2 − 2ρρ cos θ ) 1/2 is the distance between the two points ρ and ρ in the ρ-θ -plane, θ = θ − θ , and ds = dρ (1 + (dy /dρ ) 2 ) 1/2 is the arclength.
Since the unknowns (f 1 , f 2 , f 3 , f 4 ) in the above (A 5)-(A 7) are now independent of θ , .
(A 13d)
The first four integrals above are taken directly from Lee & Leal (1982) and the rest are evaluated using the following generic transformation: In the limit D 1 → 1, all the formulae in (A 13) become singular. This condition arises when ρ approaches ρ and corresponds to calculating the velocity disturbance field very close to a ring of forces. This leads to a weak logarithmic singularity which is integrable. To handle this singularity in the simulations, the integration is performed analytically when D 1 → 1 using the following asymptotic expansions of the elliptic functions (Lee & Leal 1982) :
